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Abstract

A sequential product assigns to an ordered pair of effects (a, b) an effect a · b, read
“measure a, then b,” subject to seven standard axioms, one of them norm-continuity in
the first argument. We classify these products on every finite-dimensional Euclidean
Jordan algebra. A product cannot couple distinct simple summands, so the answer
is typewise. On real, quaternionic and exceptional summands of rank at least three,
on real qubits, and on rank-one summands, the Lüders product Q√

a b is forced. On
each complex summand Mn(C)sa with n ≥ 3 the products are exactly Liu and Wu’s
twisted family a1/2+it b a1/2−it, one for each real t. On a rank-two spin factor R ⊕ Rd

they correspond to the continuous odd fields that assign to each measurement axis
an infinitesimal rotation fixing it; for the complex qubit this is a continuous function
on RP2. The necessity proofs use only the axioms and classical Jordan structure. In
rank at least three one argument, which does not use associativity of the coordinate
algebra, shows that the residual freedom is generated by a central imaginary element
of that algebra, which only C possesses. The surviving twist is the Lüders update
followed by the flow that the measured effect generates through Alfsen and Shultz’s
dynamical correspondence. Hence a simple algebra of rank at least three carries a
non-Lüders product exactly when it is the self-adjoint part of a C*-algebra. Every
product is Lüders on sharp first effects, and the twist is detectable interferometrically
with unsharp ones. The real and complex matrix cases are also proved in Lean 4.

1 Introduction
How far the operational axioms of Definition 2.1 determine a sequential product is a question
going back to Gudder’s open-problems list for sequential effect algebras [7]. Gudder and
Latrémolière [9] proved that five conditions, one of which is a trace duality, characterize
the Lüders product a • b =

√
a b

√
a (written with • throughout) on Hilbert-space effects.

Without the trace duality the remaining conditions do not determine the product. Liu and
Wu [14, Rem. 1] exhibited the one-parameter twisted family

a ◦t b = a1/2+it b a1/2−it, t ∈ R. (1)
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Every member satisfies all seven axioms and agrees with the Lüders product whenever the
first argument is a projection (Shen–Wu [17, Thm. 3.1, Ex. 3.1]; Lemma 4.11 and corol-
lary 6.2). Van de Wetering [19] showed that every finite-dimensional sequential-product
space is order-isomorphic to a Euclidean Jordan algebra, also the setting of operational re-
constructions of quantum theory [4]. What remained open is how much freedom the axioms
leave on a given Euclidean Jordan algebra. Van de Wetering’s uniqueness theorems [18]
each add a selector to the axioms, and the constructions of Liu–Wu and Shen–Wu show
that some freedom survives without one. This paper determines that freedom on every
finite-dimensional Euclidean Jordan algebra.

Write Vd = R ⊕ Rd for the spin factor of vector dimension d ≥ 2 (Section 2.2); V2 ∼=
M2(R)sa, V3 ∼= M2(C)sa, V5 ∼= M2(H)sa and V9 ∼= H2(O). Let

Ad =
{
A : Sd−1 → so(d) continuous : A(v)v = 0, A(−v) = −A(v)

}
,

the continuous odd fields assigning to each unit vector v an infinitesimal rotation fixing
v. For A ∈ Ad, Definition 5.1 defines a product ⋆A on the effects of Vd; for an invertible
effect with spectral data a = λ+pv + λ−p−v it is the Lüders update followed by the rotation
exp(log(λ+/λ−)A(v)) of the hyperplane orthogonal to v.

Theorem 1 (Classification). Let J =
⊕m

α=1 Jα be a finite-dimensional Euclidean Jordan
algebra, decomposed into simple summands, and fix an isomorphism of each summand onto
its model in the Jordan–von Neumann–Wigner list. Let (·) be any binary operation on the
effects of J satisfying the seven axioms (S1)–(S7) of Definition 2.1. Then a · b =

∑
α aα · bα,

and on each summand the product is:
• the Lüders product a · b = Q√

a b, if Jα is R, Mn(R)sa with n ≥ 2, Mn(H)sa with n ≥ 3,
or H3(O);

• a · b = a1/2+i tα b a1/2−i tα for a unique tα ∈ R, if Jα = Mn(C)sa with n ≥ 3 (with
01/2±it := 0);

• ⋆Aα for a unique Aα ∈ Ad, if Jα = Vd with d ≥ 3.
(The real qubit V2 ∼= M2(R)sa appears in the first line.) Conversely every independent choice
of these parameters defines such a product, so that relative to the fixed identifications there
is a bijection of sets

MSP(J) ∼=
∏

α : Jα =Mn(C)sa, n≥3

R ×
∏

α : Jα =Vd, d≥3

Ad,

every other summand contributing a single point. Here MSP(J) denotes the set of (S1)–(S7)
products on the fixed (labelled) effect algebra of J (Remark 4.12). For the complex qubit,
A3

∼= C(RP2,R) (Corollary 5.3).

The complex matrix algebras of rank at least three, the algebras of standard quantum
mechanics, are the one case in which a single real parameter survives. We state the case of
rank at least three separately.

Theorem 2 (Rank at least three). Let J be a simple Euclidean Jordan algebra of rank n ≥ 3
and (·) a sequential product on its effects. If J is of real, quaternionic or exceptional type,
(·) is the Lüders product. If J =Mn(C)sa, there is a unique t ∈ R with a · b = a1/2+it b a1/2−it

for all effects a, b.
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The parameter t is stated for the fixed labelled algebra, on which it is unique; quotienting
by all Jordan automorphisms identifies t with −t through the transpose (Remark 4.12). Rank
three is a sharp threshold in the complex series: on M2(C)sa = V3 the parameter becomes a
continuous function of the measurement frame. In rank at least three, two frames that differ
inside a rank-two block share a third atom, whose cross-coherence space compares their
parameters (Lemma 4.7); a qubit frame has no third atom. In the spin factors of vector
dimension d ≥ 4, which include M2(H)sa and H2(O), the per-frame freedom is an element of
so(d − 1), an infinitesimal rotation of the hyperplane orthogonal to the measurement axis;
for d = 3 it is a single real number.

Dynamical reading. On Mn(C)sa, write s(a) for the support projection of a and U t
a :=

(1−s(a))+
∑

λ>0 λ
itpλ for the unitary built from the support logarithm of a, so that U t

a = ait

when a is invertible. Then a1/2+it =
√
aU t

a and

a ◦t b =
√
a
(
U t
a b (U

t
a)

∗)√a = AdU t
a

(
a • b

)
, (2)

with AdU(x) := UxU∗. On effects (Heisenberg picture) the product is a Lüders update
followed by conjugation by the outcome-conditioned unitary U t

a. Dually, the unnormalized
state operation is ρ 7→ (U t

a)
∗(
√
a ρ

√
a)U t

a, of trace tr(aρ). The unitary ait = eit log a is
the time-t evolution generated by log a. Alfsen and Shultz [2] axiomatized this dual role
of observables, as generators of motion, under the name dynamical correspondence, and
proved that a JB-algebra admits one if and only if it is the self-adjoint part of a C*-algebra.
Combining their theorem with Theorem 2 gives the following corollary: in rank at least three
the seven axioms determine the update rule up to this motion.

Theorem 3 (Dynamical form). Let J be a simple Euclidean Jordan algebra of rank at least
three.
(i) J carries a sequential product other than the Lüders product if and only if J admits

a dynamical correspondence, that is, if and only if J is the self-adjoint part of a
C*-algebra.

(ii) On J =Mn(C)sa, let ψh(x) =
i
2
(hx−xh) be the dynamical correspondence of the matrix

product. The sequential products are exactly a · b = Q√
a exp

(
2t ψlog a

)
b for invertible

effects a, t ∈ R, extended to singular a by continuity.

The equivalence in (i) fails at rank two. The spin factors Vd with d ≥ 4 admit no
dynamical correspondence, yet they carry non-Lüders products (Remark 5.5); without frame
overlap nothing forces the per-frame generators A(v) to assemble into a global structure
(Remark 6.1).

Every product is the Lüders product when its first argument is sharp (Corollary 6.2), so
the projection postulate is forced and the freedom lies in unsharp measurements, where a
single-qubit interferometric sequence detects it (Remark 6.3). If the product of a composite
of complex systems restricts to the products of both factors, the factors share the composite’s
twist; a qubit that is a restricting factor of such a composite has a constant frame function
(Remark 6.4).
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Method. The necessity proofs use only the axioms, standard Jordan-algebra theory and
elementary Lie theory; the constructive halves cite van de Wetering for the Lüders product
and Shen and Wu for the twisted products. The main tool is van de Wetering’s comparison
map Θa = Q−1√

a
La [18, §5], with La = a · (·); in finite dimension we derive the properties

we need of it directly from the axioms. A short frame calculus (Lemma 3.5) shows that
effects diagonal in a common system of orthogonal idempotents are compatible and multiply
as Lüders. It gives La a positive inverse, so Θa is a unital order automorphism and hence
a Jordan automorphism (Proposition 3.7). Restricted to the effects diagonal in one Jordan
frame, a 7→ Θa is a continuous homomorphism into the frame stabilizer, whose differential
acts on each Peirce block Vij as (ri− rj)Tij (Lemma 4.2). In coordinates, the derivation rule
across three blocks forces Tij to be multiplication by one central imaginary element of the
coordinate algebra (Proposition 4.3). This disposes of the real, quaternionic and octonionic
types at once and leaves one scalar per frame on the complex type, which frame overlap
makes global. Rank two is treated separately by the cone geometry of the spin factors
(Section 5).

Machine verification. Part of the classification is also proved in Lean 4. On the matrix
carriers the formalization proves, from the seven axioms, that every product on MN(R)sa,
N ≥ 1, is Lüders and that every product on MN(C)sa, N ≥ 3, is ◦t for a unique real t, both
on all effects, singular ones included, and that each ◦t is a product. For the complex qubit
it proves Corollary 5.3(ii): distinct continuous frame functions give products that differ on
some pair of effects, and every product agrees on effects with the one of exactly one con-
tinuous function on RP2. The Lean proofs of these statements follow different arguments
from the printed ones. The central-imaginary argument of Section 4 is also checked, for
strictly positive first effects diagonal in the standard frames ofMn(H)sa and H3(O), with the
Archimedean property of the order as a hypothesis. The spin factors Vd with d ≥ 4, The-
orem 3, and the classification theorems over an abstract simple algebra are not formalized.
Declaration names, commits and the axiom audit are in the Data Availability statement.

Organization. Section 2 fixes notation and the axioms. Section 3 derives the compari-
son automorphism from the axioms. Section 4 proves Theorem 2, Section 5 classifies the
spin factors and assembles Theorem 1, and Section 6 proves Theorem 3 and the physical
consequences. Section 7 compares with prior work.

2 Preliminaries
2.1 Euclidean Jordan algebras
A Euclidean Jordan algebra (EJA) is a finite-dimensional real commutative algebra (J, ◦) with
unit e satisfying the Jordan identity x◦(x2◦y) = x2◦(x◦y) and carrying an associative inner
product 〈x, y〉 = tr(x ◦ y), where tr is the Jordan trace. We follow Faraut and Korányi [5].
The cone J+ of squares is self-dual for 〈·, ·〉, and for x ≥ 0, tr x = 0 only if x = 0. The
effects are [0, 1]J = {a : 0 ≤ a ≤ e}. The multiplication operator is Tx(y) = x ◦ y and the
quadratic representation is Qx = 2T 2

x − Tx2 . For invertible a ≥ 0, Q√
a is a linear order
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automorphism with inverse Qa−1/2 and Q√
ae = a [5, Prop. III.2.2]. A Jordan automorphism

g satisfies gTxg−1 = Tgx and hence gQxg
−1 = Qgx.

A complete orthogonal system (COS) is a finite family of nonzero idempotents f1, . . . , fm
with fk ◦fl = 0 for k 6= l and

∑
k fk = e. A Jordan frame is a COS of primitive idempotents;

all Jordan frames of J have the same size, the rank of J . An element x is diagonal in a
COS if x =

∑
k λkfk. By the spectral theorem every element is diagonal in some Jordan

frame. For an idempotent q the Peirce decomposition is J = J2(q) ⊕ J1(q) ⊕ J0(q) with
Jk(q) = {x : q ◦ x = k

2
x}. Here J2(q) and J0(q) are EJAs with units q and e − q, and

J2(q) ◦ J0(q) = 0. For a Jordan frame F = {p1, . . . , pn},

J =
⊕
i

Rpi ⊕
⊕
i<j

Vij, Vij = {x : pi ◦ x = 1
2
x = pj ◦ x}. (3)

If x =
∑

k xkpk then Qx acts by x2k on Rpk and by xixj on Vij; the same holds blockwise
for a COS. When J is simple, dimVij = d is the Peirce multiplicity, all Jordan frames are
conjugate under Aut(J) [5, Thm. IV.2.5], and Aut(J) is a compact Lie group with Lie algebra
the derivations Der(J). The simple EJAs are R; Mn(K)sa = Hn(K) for K = R,C,H and
n ≥ 3; H3(O); and the spin factors Vd, d ≥ 2, which are the simple EJAs of rank two [13, 5].
The rank-at-least-three types have Peirce multiplicity 1, 2, 4, 8.

The standard (Lüders) product on J is a•b = Q√
a b; onMn(C)sa it is

√
a b

√
a. Through-

out, e, 1 and I denote the unit, and every functional-calculus expression takes the value 0
at eigenvalue 0, so 01/2±it := 0.

2.2 Spin factors
For d ≥ 2 the spin factor is Vd = R⊕Rd with product (α, x)◦(β, y) = (αβ+x·y, αy+βx) and
unit e = (1, 0). Its cone is {(α, x) : α ≥ ‖x‖} and its order-unit norm is ‖(α, x)‖e = |α|+‖x‖,
with ‖ · ‖ Euclidean. For a unit vector v put pv = 1

2
(1, v). The pv are the primitive

idempotents, the Jordan frames are the pairs {pv, p−v}, and the Peirce block of that frame is
{0} ⊕ v⊥. Every nonscalar element is λ+pv + λ−p−v with λ+ > λ− and a unique unit vector
v, its axis. For a = λ+pv + λ−p−v ≥ 0 the map Q√

a has multipliers λ+, λ− and
√
λ+λ− on

Rpv, Rp−v and v⊥.
The Jordan automorphisms of Vd are exactly the maps 1⊕O with O ∈ O(d). Indeed an

automorphism preserves the trace tr(α, x) = 2α, hence maps the traceless part {0} ⊕ Rd to
itself. Since (0, x)◦ (0, x) = (‖x‖2, 0) it preserves the Euclidean norm there. Conversely each
1⊕O preserves the product.

The identification (α, x) 7→ αI + x · σ, with σ the Pauli vector, is a Jordan isomorphism
V3 ∼= M2(C)sa carrying pv to the projection Pv =

1
2
(I + v · σ) and the order-unit norm to the

operator norm. Similarly V2 ∼= M2(R)sa, V5 ∼= M2(H)sa and V9 ∼= H2(O).

2.3 Sequential products
Following Gudder–Greechie [8] and van de Wetering [19]:
Definition 2.1 (Sequential product space, [19, Def. 2]). Let (V,≤,1) be an order unit space
with a binary operation (·) : [0, 1]V × [0, 1]V → [0, 1]V . Write a | b when a · b = b · a. Then
(V, ·) is a sequential product space if:
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(S1) Additivity: a · (b+ c) = a · b+ a · c whenever b+ c ≤ 1.

(S2) Continuity: a 7→ a · b is continuous in the order unit norm.

(S3) Unitality: 1 · a = a for all a.

(S4) Symmetry of orthogonality: a · b = 0 ⇒ b · a = 0.

(S5) Associativity of compatible effects: a | b⇒ a · (b · c) = (a · b) · c.

(S6) Additivity of compatibility: a | b⇒ a | (1− b); if also a | c then a | (b+ c) when
b+ c ≤ 1.

(S7) Multiplicativity of compatibility: a | b and a | c⇒ a | b · c.

These are van de Wetering’s Definition 2 [19] with the domain riders made explicit; (S2)
is his norm-continuity in the first argument, which he adds to the sequential-effect-algebra
list. His structure theorem places the problem on Euclidean Jordan algebras.

Theorem 2.2 ([19, Thm. 1]). A finite-dimensional sequential product space is order-
isomorphic to a Euclidean Jordan algebra.

The identification is unital, since van de Wetering’s Jordan product takes the order unit
as its unit, so the axioms and the effect interval transport to J . We therefore fix a finite-
dimensional EJA J and study the operations on [0, 1]J satisfying (S1)–(S7); we call them
sequential products on J and write La(b) = a · b.

Lemma 2.3 (Effects span). In an order unit space, [0, 1]V contains the closed ball of radius
1
2
about 1

2
1, hence spans V and has nonempty interior; two linear maps agreeing on [0, 1]V

are equal.

Proof. If ‖v‖ ≤ 1
2
then 0 ≤ 1

2
1+ v ≤ 1.

3 From the Axioms to a Jordan Automorphism
Fix a finite-dimensional EJA J and a sequential product (·) on J . This section derives,
from (S1)–(S7) alone, that for every invertible effect a the map Θa = Qa−1/2La is a Jordan
automorphism with the properties the classification needs. The map is van de Wetering’s
comparison map [18, §5]. His construction works in a general sequential effect algebra and
reaches it through normality and pseudo-inverse hypotheses; in a finite-dimensional EJA the
spectral theorem makes a direct route available.

3.1 Linear extension and scalars
Lemma 3.1 (Positive linear extension). For each effect a: (i) La extends uniquely to a
positive linear map J → J ; (ii) a · 0 = 0 · a = 0 and a · 1 = 1 · a = a, so La(1) = a and
La([0, 1]J) ⊆ [0, a]; (iii) ‖La‖e→e = ‖a‖e.
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Proof. (i) La is additive by (S1) and maps [0,1] into [0,1]. For x ≥ 0 with x/n ≤ 1

set L̃a(x) := nLa(x/n); additivity makes this independent of n and additive on J+, order
boundedness gives real homogeneity, and extension by differences yields a unique positive
linear map on J = span[0, 1]J (Lemma 2.3). (ii) (S1) with b = c = 0 gives a · 0 = 0, and (S4)
gives 0 · a = 0, so a | 0. (S6) gives a | 1, and (S3) gives a · 1 = 1 · a = a. Monotonicity of La

gives La([0, 1]J) ⊆ [0, a]. (iii) −1 ≤ x ≤ 1 implies −a ≤ Lax ≤ a, and La1 = a.

Lemma 3.2 (Scalars). For every effect a and every q ∈ [0, 1]: a | q1, Lq1 = qI, and
Lqa = q La.

Proof. Fix n ≥ 1. Trivially a/n | a/n, and repeated (S6) addition gives a/n | ka/n for
k ≤ n, every partial sum being at most a ≤ 1; so a/n | a. Likewise (1 − a)/n | (1 − a),
and (S6) complementation gives (1 − a)/n | a. By symmetry of | and (S6) addition, a |
a/n+ (1− a)/n = 1/n. Hence (1/n) · a = a · (1/n) = a/n by linearity of La, and repeating
the addition, a | k1/n with (k1/n) · a = ka/n. So Lq1 = qI on [0, 1]J for rational q ∈ [0, 1],
and (S2) extends this to real q. Then a · (q1) = qa = (q1) · a, so a | q1. Finally (S5) applied
to a | q1 gives, for every effect c, a · (qc) = a · ((q1) · c) = (a · q1) · c = (qa) · c, that is,
Lqa = qLa.

Lemma 3.3 (Continuity). a 7→ La is continuous from [0, 1]J to the operators on J .

Proof. By Lemma 2.3, [0, 1]J contains a basis b1, . . . , bN of J . (S2) makes each a 7→ Labk
continuous, and J is finite-dimensional.

3.2 Frame calculus
Lemma 3.4. If p, q are orthogonal idempotents, then [0, p] ∩ [0, q] = {0}.

Proof. Let 0 ≤ x ≤ p and 0 ≤ x ≤ q. By self-duality, 0 ≤ 〈x, e−p〉 ≤ 〈p, e−p〉 = tr(p−p2) =
0, so 〈x, e − p〉 = 0; likewise 〈x, e − q〉 = 0. As p + q ≤ e, also 〈x, e − p − q〉 ≥ 0. Hence
0 = 〈x, (e− p) + (e− q)〉 = tr x+ 〈x, e− p− q〉 ≥ tr x ≥ 0, so tr x = 0 and x = 0.

Lemma 3.5 (Frame calculus). Let {f1, . . . , fm} be a complete orthogonal system and let
a =

∑
k λkfk and b =

∑
k µkfk be effects, so that all λk, µk ∈ [0, 1] (apply the positive map

Qfk to 0 ≤ a ≤ e). Then a | b and

a · b =
∑
k

λkµkfk = Q√
a b.

Proof. Step 1: Lfifj = δijfi. (S6) applied to fi | fi gives fi | (e − fi). The common
value fi · (e − fi) = (e − fi) · fi lies in [0, fi] ∩ [0, e − fi] by Lemma 3.1(ii), hence vanishes
by Lemma 3.4. For j 6= i, 0 ≤ fj ≤ e − fi, so 0 ≤ Lfifj ≤ Lfi(e − fi) = 0. Then
Lfifi = Lfie−

∑
j ̸=i Lfifj = fi.

Step 2: fi | a. For j 6= i, fi · fj = 0, so fj · fi = 0 by (S4). For λ ∈ [0, 1] and every j,
fi · (λfj) = λ fi · fj by linearity and (λfj) · fi = λ fj · fi by Lemma 3.2; so fi | λfj. Every
partial sum of

∑
k λkfk is at most a ≤ e, the omitted terms being positive, so (S6) addition

gives fi | a.
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Step 3: a | b. By symmetry a | fk for each k; as in Step 2, a | µkfk, and (S6) addition
gives a | b.

Step 4: the value. By Step 1, a · fk = fk · a =
∑

l λlLfkfl = λkfk, so a · b =
∑

k µk a · fk =∑
k λkµkfk, which is Q√

a b.

The reduction to a simple algebra also follows from the axioms.

Proposition 3.6 (Central decomposition). Let J =
⊕m

α=1 Jα be any finite-dimensional EJA
with central summand units eα, and let (·) be a sequential product on J . For an effect a write
aα := eα ◦ a ∈ [0, 1]Jα. Then

a · b =
m∑

α=1

aα · bα, aα · bα ∈ Jα,

and each restriction is a sequential product on the order-unit space (Jα,≤, eα). Conversely,
given sequential products (·)α on the summands, a · b :=

∑
α(aα ·α bα) is a sequential product

on J restricting to them.

Proof. Every primitive idempotent of J lies in one summand, so a Jordan frame of J in
which a is diagonal refines the COS {eα}. By Lemma 3.5, a | eα and a · eα = Q√

aeα = aα.
Likewise, for bα ∈ [0, eα], a frame of Jα diagonalizing bα together with frames of the other
summands is a Jordan frame of J , so eα · bα = bα. By (S5),

a · bα = a · (eα · bα) = (a · eα) · bα = aα · bα,

and 0 ≤ a · bα ≤ a · eα = aα ≤ eα puts it in Jα, because the order of J =
⊕

β Jβ is
componentwise, so 0 ≤ x ≤ eα forces every component of x outside Jα to vanish. Summing
over α by (S1) gives the formula. Block-diagonality makes compatibility componentwise: for
x, y ∈ [0, 1]Jα , 1 − y = (eα − y) +

∑
β ̸=α eβ, and the component formula gives x · (1 − y) =

x · (eα − y) and (1− y) · x = (eα − y) · x. So the complement clause of (S6) restricts to each
summand; the other clauses restrict directly, and the order-unit norm of Jα is the restriction
of that of J . For the converse, effects, order and complements are componentwise, giving
(S1), (S3), (S4). Compatibility holds in J exactly when it holds in every coordinate, so
(S5)–(S7) reduce to the summands, and (S2) holds because the direct-sum order-unit norm
is maxα ‖ · ‖α.

3.3 The comparison automorphism
Proposition 3.7 (Comparison automorphism). For every invertible effect a, the map Θa :=
Qa−1/2La is a Jordan automorphism of J , so that

a · b = Q√
a Θa(b) for all effects b.

Moreover:
(i) (Fixing) Θay = y for every y diagonal in a COS in which a is diagonal;
(ii) (Continuity) a 7→ Θa is continuous on the invertible effects;

8



(iii) (Cocycle) if a, a′ are invertible effects diagonal in a common COS, then Θa◦a′ =
ΘaΘa′ = Θa′Θa.

Proof. Let a =
∑

k λkpk in a Jordan frame, all λk > 0. Put µ := maxk λ
−1
k ≥ 1 and

b := µ−1a−1 =
∑

k(µλk)
−1pk, an effect. By Lemma 3.5, a | b and a · b = b · a = 1/µ. By

(S5) and Lemma 3.2, for every effect c, a · (b · c) = (1/µ) · c = c/µ, and symmetrically. So
LaLb = LbLa = µ−1I on [0, 1]J , hence on J , and La is a linear bijection with positive inverse
µLb. Together with the corresponding facts for Q√

a, this makes Θa a linear bijection with
Θa(J

+) = J+, and Θa1 = Qa−1/2a = 1. A unital linear order automorphism of a Euclidean
Jordan algebra is a Jordan automorphism (van Imhoff–Roelands [21, Cor. 2.5]; classically
Alfsen–Shultz [3]). So Θa ∈ Aut(J).

(i) If a and y are diagonal in a COS {fk}, each fk is an effect diagonal in that COS, so
Lemma 3.5 gives Lafk = Q√

afk, that is Θafk = fk; and y is a linear combination of the fk.
(ii) Lemma 3.3 and continuity of a 7→ Qa−1/2 on invertible elements. (iii) Lemma 3.5 gives
a | a′ and a · a′ = Q√

aa
′ = a ◦ a′, so (S5) gives LaLa′ = La◦a′ on [0, 1]J , hence on J . By (i),

Θa fixes
√
a′, so ΘaQ√

a′ = QΘa

√
a′Θa = Q√

a′Θa. Hence

Θa◦a′ = Q(a◦a′)−1/2 Q√
a ΘaQ√

a′ Θa′ = Q(a◦a′)−1/2 Q√
aQ√

a′ Θa Θa′ = ΘaΘa′ ,

the three quadratic maps being diagonal on the common Peirce decomposition with multi-
pliers that multiply. Exchanging the roles of a and a′ gives Θa′Θa.

Lemma 3.8 (Coalescence). Let q be an idempotent and a = λq+ a0 an invertible effect with
λ > 0 and a0 ∈ J0(q). Then Θa is the identity on J2(q).

Proof. Let y ∈ J2(q). By the spectral theorem in J2(q) and in J0(q), y =
∑

α µαeα and a0 =∑
β νβgβ with {eα} a COS of J2(q) summing to q and {gβ} a COS of J0(q) summing to e− q.

As J2(q) ◦ J0(q) = 0, {eα} ∪ {gβ} is a COS of J in which both y and a =
∑

α λeα +
∑

β νβgβ
are diagonal. Apply Proposition 3.7(i).

4 Rank at Least Three
4.1 Frame reduction
Fix a simple EJA J of rank n ≥ 3, a Jordan frame F = {p1, . . . , pn}, and for r ∈ (−∞, 0]n

the invertible effect a(r) =
∑

k e
rkpk. Write Θr := Θa(r), and let Stab(F ) = {g ∈ Aut(J) :

gpi = pi for all i}, the pointwise frame stabilizer, a closed subgroup of Aut(J).

Lemma 4.1 (Frame fixing). Each Θr lies in the identity component Stab(F )◦ and preserves
every Peirce block Vij. In particular La(r) = Q√

a(r)
Θr is block-diagonal for (3).

Proof. Each pi is diagonal in F together with a(r), so Θrpi = pi by Proposition 3.7(i). A
Jordan automorphism fixing pi and pj preserves their joint 1

2
-eigenspace Vij. By Proposi-

tion 3.7(ii) the path s 7→ Θsr, s ∈ [0, 1], joins Θ0 = id to Θr inside Stab(F ).

9



Lemma 4.2 (Diagonal homomorphism and hyperplane factorization). The map r 7→ Θr

extends to a continuous homomorphism χ : (Rn,+) → Stab(F )◦. Its differential r 7→ Dr :=
dχ(r) is real-linear, each Dr is a derivation of J with Drpk = 0 and DrVij ⊆ Vij, and there
are linear maps Tij : Vij → Vij with

Dr

∣∣
Vij

= (ri − rj)Tij for all r ∈ Rn. (4)

Proof. For r, r′ ≤ 0, a(r)◦a(r′) = a(r+r′), so Θr+r′ = ΘrΘr′ = Θr′Θr by Proposition 3.7(iii);
the image is abelian. Extend to Rn = S−S, S = (−∞, 0]n, by χ(s−s′) := ΘsΘ

−1
s′ . This is well

defined: if s−s′ = u−u′ then s+u′ = u+s′, so ΘsΘu′ = ΘuΘs′ and, the image being abelian,
ΘsΘ

−1
s′ = ΘuΘ

−1
u′ . It is continuous through the continuous decomposition x = s(x) − s′(x)

with si(x) = min(xi, 0) and s′i(x) = min(−xi, 0). A continuous homomorphism between
finite-dimensional Lie groups is smooth [11, Chs. 2–3], so dχ is real-linear, and a continuous
homomorphism out of Rn is determined by its differential. Each Dr lies in the Lie algebra
of Stab(F ), which consists of derivations annihilating every pk; such a derivation preserves
each Vij, since pi ◦ x = 1

2
x implies pi ◦ Drx = 1

2
Drx. For h ∈ S with hi = hj, Lemma 3.8

applied with q = pi + pj gives χ(sh)|Vij
= id for all s ≥ 0; differentiating at s = 0 gives

Dh|Vij
= 0. Differences of such h span the hyperplane {ri = rj}: any v with vi = vj is

v = h − h′ with h = v − c(1, . . . , 1) and h′ = −c(1, . . . , 1) for c ≥ max(0,maxk vk). So the
linear map r 7→ Dr|Vij

vanishes on that hyperplane and is a multiple of ri − rj.

4.2 The central-imaginary lemma
By the Jordan–von Neumann–Wigner classification we may take J = Hn(K) with K ∈
{R,C,H}, or J = H3(O), and F the diagonal matrix units pk = Ekk; a Jordan isomorphism
transports sequential products to sequential products, so there is no loss of generality. For
i 6= j and x ∈ K put

x[ij] := xEij + x̄Eji ∈ Vij,

so that x 7→ x[ij] is a real-linear bijection K → Vij and x[ji] = x̄[ij]. Two products are
needed. For distinct i, j, k and x, y, γ ∈ K,

x[ij] ◦ y[jk] = 1
2
(xy)[ik], γ[ij] ◦ 1[ij] = Re(γ) (pi + pj). (5)

For the first, x[ij] y[jk] = xy Eik and y[jk] x[ij] = ȳx̄ Eki = xy Eki, all other products of
matrix units vanishing because i, j, k are distinct. For the second, γ[ij] 1[ij] = γEii + γ̄Ejj

and 1[ij] γ[ij] = γ̄Eii + γEjj. Each entry involved is a single product of two elements of K,
so (5) holds for the octonions as well. In these coordinates (4) reads

Dr

(
x[ij]

)
= (ri − rj) tij(x)[ij] for all r ∈ Rn, x ∈ K, (6)

for real-linear maps tij : K → K.

Proposition 4.3 (Central-imaginary generator). There is a single γ ∈ K with γx = xγ for
all x ∈ K and Re γ = 0, such that tij(x) = γx for every ordered pair i 6= j.
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Proof. Fix distinct i, j, k. Apply the derivation Dr to the first identity of (5), using (6):
(ri − rk) tik(xy) = (ri − rj) tij(x) y + (rj − rk) x tjk(y) for all r, x, y.

At r = ϵi, the i-th standard basis vector, this reads tik(xy) = tij(x) y; at r = ϵk it reads
tik(xy) = x tjk(y). Setting y = 1 in the first and x = 1 in the second gives tik = tij and
tik = tjk. Call the common map t and put γ := t(1). Setting x = 1 in the first gives t(y) = γy,
and setting y = 1 in the second gives t(x) = xγ. So γ is central and tij = tjk = tik = γ ·.

The triple identity gives tij = tik and tij = tjk whenever i, j, k are distinct. For fixed i
and distinct j, j ′ 6= i, the triple (i, j, j ′) gives tij = tij′ , so tij =: si depends only on i. For
i 6= j choose a third index k; then tij = tjk reads si = sj. So all tij coincide.

For the real part, take x = 1[ij] and r = ϵi, so that Drx = γ[ij]. By (5), x ◦ x = pi + pj,
which Dr annihilates. The derivation rule gives 0 = Dr(x ◦ x) = 2Drx ◦ x = 2Re(γ)(pi +
pj).

The argument does not use associativity of K or the structure of Stab(F ), so it applies
to H3(O). The imaginary central elements are 0 for R, H and O and iR for C. (In H and
O the centre is R. For O directly: if γ is imaginary and central, then for imaginary x the
relation γx + xγ = −2〈γ, x〉 gives γx = −〈γ, x〉, and a unit imaginary x orthogonal to γ
gives ‖γ‖ = ‖γx‖ = 0.)
Proposition 4.4 (One generator per frame). Let n ≥ 3 and let F be any Jordan frame of
the simple algebra J of rank n.
(i) If J is of real, quaternionic or exceptional type, Θa = id for every invertible effect a

diagonal in F .
(ii) If J = Mn(C)sa, there is a unique tF ∈ R with Θa = AdaitF , that is a · b =

a1/2+itF b a1/2−itF , for every invertible effect a diagonal in F and every effect b.
Proof. Let g ∈ Aut(J) carry the standard frame F0 to F as a set, and in case (ii) take
g = AdU with U unitary, which is possible because orthonormal bases are unitarily conjugate.
The operation a ·′ b := g−1(ga · gb) is again a sequential product, since g is a unital order
automorphism preserving the order-unit norm, and its comparison maps are Θ′

a = g−1Θgag.
So it suffices to treat F = F0, where every invertible effect diagonal in F0 is some a(r). In case
(i), Proposition 4.3 gives γ = 0, so Dr vanishes on every Vij; it also annihilates every pk, so
Dr = 0 by (3), henceΘr = χ(r) = id. In case (ii) it gives γ = itF with tF real, soDr multiplies
the coordinate of Vij by itF (ri − rj) and Θr = expDr multiplies it by eitF (ri−rj). That is
Ada(r)itF , because a(r)itF = diag(eitF rk) fixes the diagonal and conjugates the (i, j) entry by
eitF ri(·)e−itF rj . Transporting back by g = AdU gives Θga = AdU AdaitF Ad−1

U = Ad(ga)itF .
The parameter is unique because Adait determines t as a ranges over the effects diagonal in
F with eigenvalue ratios near 1.

4.3 Real, quaternionic and exceptional types
Theorem 4.5. On Mn(R)sa with n ≥ 2, on Mn(H)sa with n ≥ 3, and on H3(O), every
sequential product is the Lüders product.
Proof. For rank at least three, every invertible effect is diagonal in some Jordan frame, so
Proposition 4.4(i) gives La = Q√

a on invertible effects, and Lemma 4.9 extends it to all
effects. The real qubit M2(R)sa = V2 is the case d = 2 of Theorem 5.2.
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4.4 The complex type
The per-frame parameter of Proposition 4.4(ii) is globalized across frames. Two frames are
adjacent if they differ inside one rank-two projection and share the remaining n− 2 atoms.
The comparison uses a complex structure on a cross-coherence space that does not depend
on how a rank-two block splits into atoms.

Lemma 4.6 (Splitting-independent complex structure on a cross-coherence space). Let J =
Mn(C)sa, n ≥ 3, let q be a rank-two projection and pk an atom with q ◦ pk = 0, and let
X = {x : q ◦ x = 1

2
x = pk ◦ x} be the cross-coherence space, identified with the self-adjoint

part of qMn(C)pk ⊕ pkMn(C)q: each x ∈ X is x = z + z∗ with corner z = qxpk. Define the
real-linear map

Jq,k(x) = iz − i (z∗), z = qxpk.

Then:
(i) Jq,k maps X to X with J 2

q,k = −1X , and depends only on q, pk, and the fixed ambient
complex scalar i of the labelled matrix algebra, not on any splitting q = p1 + p2 into
atoms.

(ii) Every inner automorphism Adu (u unitary) with uqu∗ = q and upku∗ = pk commutes
with Jq,k on X.

(iii) Let {pl}l≥3 be pairwise-orthogonal atoms with q+
∑

l≥3 pl = e and pk among them, and
a = λq +

∑
l≥3 λlpl with λ, λl ∈ (0, 1). Then for every t ∈ R,

Adait

∣∣
X
= exp

(
t (log λ− log λk)Jq,k

)
.

Proof. The corner z = qxpk is determined by x. As (iz∗)∗ = −iz, the element Jq,k(x) is
self-adjoint and lies in qMn(C)pk ⊕ pkMn(C)q, with corner iz; applying Jq,k again gives
−z − z∗ = −x. Only q, pk and i enter, giving (i). For (ii), q(uxu∗)pk = u (qxpk) u

∗, so
Jq,k(Adu x) = u(iz− iz∗)u∗ = Adu(Jq,kx). For (iii), ait = eit log λq+

∑
l≥3 e

it log λlpl is unitary,
and since z = qzpk the corner of Adait(x) is eit log λ z e−it log λk = eiφz with φ = t(log λ−log λk).
On X, multiplying the corner by eiφ is cosφ1X + sinφJq,k = exp(φJq,k).

Lemma 4.7 (Adjacent-frame constancy). If F and F ′ are adjacent Jordan frames of
Mn(C)sa, n ≥ 3, then tF = tF ′.

Proof. Let q = p1 + p2 = p′1 + p′2 be the rank-two projection inside which they differ, and
fix a shared atom pk, k ≥ 3, with cross-coherence space X. Take a = λq +

∑
l≥3 λlpl with

λ, λl ∈ (0, 1). This invertible effect is diagonal in both F and F ′, so Proposition 4.4(ii) gives
AdaitF = Θa = AdaitF ′ . Restricting to X with Lemma 4.6(iii), whose generator Jq,k is the
same for both frames by Lemma 4.6(i),

exp
(
tF sJq,k

)
= exp

(
tF ′ sJq,k

)
, s = log λ− log λk.

As λ varies, s ranges over an interval. Differentiating at an interior point and cancelling the
invertible exponential gives tFJq,k = tF ′Jq,k, and Jq,k 6= 0. So tF = tF ′ .

Lemma 4.8 (Frame connectivity). For n ≥ 2, the graph on Jordan frames ofMn(C)sa whose
edges join adjacent frames is connected.
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Proof. Frames are orthonormal bases up to phase and ordering. Let p = ww∗ be an atom
of the target frame and write w =

∑
i civi in the current orthonormal basis {vi}. If m > 1

of the coefficients are nonzero, choose i 6= j with ci, cj 6= 0, put ρ = (|ci|2 + |cj|2)1/2 > 0
and u = ρ−1(civi + cjvj), and complete u to an orthonormal pair {u, u⊥} of span{vi, vj}.
Replacing {vi, vj} by {u, u⊥} is one edge of the graph. In the new basis w has component
ρ along u and 0 along u⊥, so the number of nonzero coordinates of w drops by one. After
at most n− 1 edges p is an atom of the current frame; all later moves may be taken inside
p⊥, and induction on n installs the remaining atoms, the base case n = 2 being a single
move.

Lemma 4.9 (Singular extension). Let (·) be a sequential product on J . If La = Q√
a for every

invertible effect a, then La = Q√
a for every effect a. If J =Mn(C)sa and a·b = a1/2+it b a1/2−it

for every invertible effect a and every effect b, then the same holds for every effect a.

Proof. For an effect a, aε = (1 − ε)a + εe is invertible for ε ∈ (0, 1] and aε → a. (S2) gives
Laεb→ Lab, and the functional calculus makes Q√

aεb and a
1/2+it
ε b a

1/2−it
ε continuous in ε up

to ε = 0, with the value 0 at eigenvalue 0.

Theorem 4.10 (Complex type). On Mn(C)sa, n ≥ 3, there is a unique t ∈ R with a · b =
a1/2+it b a1/2−it for all effects a, b.

Proof. Each frame carries one parameter (Proposition 4.4), adjacent frames carry the
same one (Lemma 4.7), and any two frames are joined by finitely many adjacent moves
(Lemma 4.8), so a single t serves every frame. Every invertible effect is diagonal in
some frame, and Lemma 4.9 extends the formula to all effects. Uniqueness is Proposi-
tion 4.4(ii).

Proof of Theorem 2. Theorem 4.5 and Theorem 4.10, the four coordinate types exhausting
the simple EJAs of rank at least three.

Lemma 4.11 (Sufficiency of the twisted products). For every n ≥ 2 and every t ∈ R, the
twisted product ◦t of (1) is a sequential product on Mn(C)sa.

Proof. Set g(λ) = λ1/2+it with g(0) := 0, so that |g(λ)|2 = λ and g(λµ) = g(λ)g(µ) on
[0,∞). Then a ◦t b = fa(a) b fa(a) with fa = g|sp(a) is the functional-calculus product of
this character family. Shen and Wu’s Theorem 3.1 [17] states that a � b = fa(a) b fa(a) is a
sequential product on the effects of a finite-dimensional complex Hilbert space, in the sense
of the sequential effect algebra axioms (SEA1)–(SEA5) of Gudder and Greechie [8], if and
only if two conditions hold: (a) |fa(λ)| =

√
λ on the spectrum of a, and (b) for commuting

a, b, fa(a)fb(b) = ζ fab(ab) for some unimodular ζ. Here (a) is |g(λ)|2 = λ, and (b) holds with
ζ = 1 because commuting positive matrices are jointly diagonalizable and g is multiplicative.
Those five axioms are exactly (S1) and (S3)–(S7), regrouped: (SEA1) is (S1); (SEA2) is (S3);
(SEA3) is (S4); (SEA4) is (S5) together with the complement clause of (S6); and (SEA5)
is (S7) together with the sum clause of (S6). Hence (S1) and (S3)–(S7) hold [17, Thm. 3.1,
Ex. 3.1]; their Lemma 3.3 also shows that effects compatible for such a product commute,
and the converse is immediate from (a), since fa(a) commutes with every b that commutes
with a. For (S2), g is continuous on [0,∞), so a 7→ a1/2+it is norm-continuous on the positive
cone.
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Remark 4.12 (The labelled classification space). For a fixed finite-dimensional EJA J ,
MSP(J) is the set of sequential products on its fixed (labelled) effect algebra, before any
quotient by Jordan automorphisms and with no topology imposed. For Mn(C)sa, n ≥ 3,
the map t 7→ ◦t is a bijection R → MSP: well-definedness is Lemma 4.11, surjectivity
Theorem 4.10, and injectivity follows from Remark 6.3, whose 2× 2 computation embeds in
a coherence corner and separates every real t. A unitary conjugation transports ◦t to itself,
and the transpose to ◦−t; so quotienting by all Jordan automorphisms identifies t with −t,
and ◦t is not isomorphic to the Lüders product for t 6= 0.

5 Rank Two: Spin Factors
This section classifies the sequential products on every spin factor Vd, d ≥ 2 (Section 2.2).
Write so(d) for the real skew d× d matrices, acting on the vector part of Vd, and recall from
the introduction that Ad is the set of continuous maps A : Sd−1 → so(d) with A(v)v = 0
and A(−v) = −A(v).

Definition 5.1 (Spin products). For A ∈ Ad define ⋆A on the effects of Vd as follows, writing
LA
a b = a ⋆A b:
(i) for a scalar effect a = µe, LA

a = µI;
(ii) for an invertible nonscalar effect a = λ+pv + λ−p−v with axis v,

LA
a = Q√

a

(
1⊕ exp(ℓA(v))

)
, ℓ = log(λ+/λ−);

(iii) for a singular nonscalar effect a = λpv, λ ∈ (0, 1], LA
a = Q√

a, that is LA
a (β, y) =

λ(β + v · y) pv.

The exponential is never evaluated at a zero eigenvalue. Writing the same effect in the
reversed frame, a = λ−p−v + λ+pv, changes v 7→ −v and ℓ 7→ −ℓ, and oddness of A leaves
the formula unchanged. So (ii) may be applied in either ordering. ⋆0 is the Lüders product.

Theorem 5.2 (Spin factors). For d ≥ 2 the map A 7→ ⋆A is a bijection from Ad onto the
sequential products on Vd. For every such product, two nonscalar effects are compatible if
and only if their axes are collinear, and scalar effects are compatible with every effect.

The proof occupies Sections 5.1 and 5.2.

5.1 Necessity
Let (·) be a sequential product on Vd. Extend L to the interior of the cone: for x > 0
put Lx := sLx/s for any s ≥ ‖x‖e, which is independent of s by Lemma 3.2, and put
Θx := Qx−1/2Lx. Then Lcx = cLx and Θcx = Θx for c > 0, and on invertible effects Θx is the
comparison automorphism of Proposition 3.7.

Step 1: the frame group. Let x = λ+pv + λ−p−v > 0. Normalizing to an invertible effect,
Proposition 3.7 and its fixing clause make Θx a Jordan automorphism fixing pv and p−v. So
Θx = 1 ⊕ Ox with Ox ∈ O(d) and Oxv = v (Section 2.2). For x, x′ positive and diagonal in
the frame {pv, p−v}, normalizing each into the effects and using Proposition 3.7(iii) with scale
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invariance gives Θx◦x′ = ΘxΘx′ . Also Θce = I by Lemma 3.2. Since x =
√
λ+λ− (eℓ/2pv +

e−ℓ/2p−v) with ℓ = log(λ+/λ−), Θx depends only on (v, ℓ), and ℓ 7→ Ov(ℓ) := Ox|v⊥ is a
continuous homomorphism (R,+) → SO(v⊥), continuity coming from Proposition 3.7(ii).
By the theorem on continuous one-parameter matrix groups [11, Ch. 2] there is a unique
skew A(v) on v⊥ with Ov(ℓ) = exp(ℓA(v)). Extend A(v) by A(v)v = 0.

Step 2: oddness. The same x has frame data (−v,−ℓ) in the reversed ordering, so
exp(ℓA(v)) = exp(−ℓA(−v)) for all ℓ, and uniqueness of the generator gives A(−v) = −A(v).

Step 3: boundedness. Suppose ‖A(vj)‖ → ∞ in the Euclidean operator norm. Put
sj = π/‖A(vj)‖ and, for a fixed µ ∈ (0, 1), aj = µ(esj/2pvj + e−sj/2p−vj). Eventually these
are invertible effects, and aj → µe whatever the vj. On a maximal-frequency rotation plane
of A(vj), exp(sjA(vj)) acts as −I, so ‖Θaj − I‖ ≥ 2, contradicting continuity of Θ at µe,
where Θµe = I. Hence M := supv ‖A(v)‖ <∞.

Step 4: continuity. If M = 0 there is nothing to prove. Otherwise fix s > 0 with sM < π
and µes/2 < 1. Then v 7→ Θµ(es/2pv+e−s/2p−v) is continuous, and its spatial part exp(sA(v)) has
all rotation angles in (−π, π). On that set the principal matrix logarithm is continuous and
inverts exp on skew matrices, so A(v) = s−1 Log exp(sA(v)) is continuous. No continuous
choice of basis of v⊥ is needed. So A ∈ Ad.

Step 5: the product is ⋆A. For invertible nonscalar a, La = Q√
aΘa = LA

a by Step 1.
For scalar a = µe, La = µI by Lemma 3.2. For singular nonscalar a = λpv, let aε =
λpv + εp−v with 0 < ε < λ. Then Laε = Q√

aε(1 ⊕ exp(log(λ/ε)A(v))) has multipliers λ, ε
and

√
λε exp(· · · ) on Rpv, Rp−v and v⊥. The rotation is orthogonal, hence bounded, so (S2)

gives La = limε→0 Laε = λQpv = Q√
a. Finally A is determined by the product, being the

generator in Step 1.

5.2 Sufficiency
Fix A ∈ Ad. Each LA

a is a composition of Q√
a with an orthogonal map 1⊕R that preserves

the cone, so it is positive, linear, and satisfies LA
a e = a; hence LA

a maps effects into [0, a],
and (S1) and (S3) hold. Also LA

ca = cLA
a for c ∈ [0, 1], directly from the definition.

An explicit formula. Write a = (α, ru) and b = (β, sv) with r, s ≥ 0 and unit vec-
tors u, v, and put ka =

√
α2 − r2, the geometric mean of the eigenvalues of a. Let Ra =

exp(log(λ+/λ−)A(u)) for invertible nonscalar a and Ra = I otherwise; when a is singular its
transverse multiplier ka is 0. Decomposing b along p±u and u⊥ gives

(a⋆A b)scalar = αβ+rs (u ·v), (a⋆A b)vector = βr u+αs (u ·v) u+kasRa

(
v− (u ·v)u

)
. (7)

(S4). Nonzero effects have α, β > 0. If a ⋆A b = 0 then αβ = −rs(u · v) ≤ rs ≤ αβ,
forcing α = r, β = s and u · v = −1. So a and b lie on opposite primitive rays, where the
singular formula gives b ⋆A a = 0. If either factor is 0 both products vanish.

Exact compatibility. Let r, s > 0, z = u ·v and w = u−zv. Since Ra fixes u and preserves
u⊥, the u-component of (a ⋆A b)vector is βr + αsz. Since Rb fixes v and preserves v⊥ 3 w,
the u-component of (b ⋆A a)vector is αsz + βrz2 + kbr〈w,Rbw〉. If the products agree, then
β(1 − z2) = kb〈w,Rbw〉 ≤ kb‖w‖2 = kb(1 − z2). As s > 0 gives β > kb, this forces z2 = 1.
Conversely effects with collinear axes are diagonal in one frame and multiply spectrally,
and scalar effects commute with all effects. This proves the compatibility statement of
Theorem 5.2, singular effects included.

15



(S5)–(S7). If a = µe is scalar, then a ⋆A (b ⋆A c) = µ b ⋆A c = (µb) ⋆A c = (a ⋆A b) ⋆A c
by LA

µb = µLA
b ; if b = νe is scalar, both sides of (S5) equal ν a ⋆A c by linearity of LA

a and
LA
νa = νLA

a . If a, b are compatible and nonscalar they share a frame {pv, p−v}. For strictly
positive a, b the diagonal multipliers multiply, the transverse prefactors multiply, and the
rotations exp(ℓaA(v)) and exp(ℓbA(v)) compose to exp((ℓa + ℓb)A(v)), the log-ratios being
taken in the same orientation. So LA

aL
A
b = LA

a◦b, including when a ◦ b is scalar, where
ℓa + ℓb = 0. If either factor is singular, its transverse multiplier vanishes and the diagonal
formula still composes. Since a ⋆A b = a ◦ b for compatible pairs, (S5) follows. For nonscalar
a the effects compatible with a are exactly the effects in span{pv, p−v}, a set closed under
complements, admissible sums and ⋆A; this gives (S6) and (S7).

(S2). We show a 7→ LA
a is operator-norm continuous on all effects. Away from scalar

and singular effects the axis, the eigenvalues and A are continuous. Near µe with µ > 0, the
log-ratio tends to 0 uniformly in the axis and ‖A‖ ≤M , so exp(ℓA(v)) → I and Q√

a → µI;
this includes µ = 1, with limits within the effects. Near a singular λpv with λ > 0, the axis
tends to v, the diagonal multipliers converge, and the transverse multiplier

√
λ+λ− tends

to 0 while the rotation stays of norm one. At 0, ‖LA
a ‖e→e = ‖a‖e → 0. This completes the

proof of Theorem 5.2.

5.3 Consequences
Corollary 5.3 (The real qubit and the complex qubit). (i) A2 = {0}: every sequential

product on V2 ∼= M2(R)sa is Lüders.
(ii) A3

∼= C(RP2,R) through A(v) = −t([v]) Jv with Jvw = v × w. Under V3 ∼= M2(C)sa
the product ⋆A is

a · b = a1/2+i t(fr a) b a1/2−i t(fr a) (a nonscalar),

with fr a ∈ RP2 the frame of a, and the Lüders product for scalar a. So the sequential
products on M2(C)sa are in bijection with C(RP2,R), and the constant functions give
Liu and Wu’s family (1).

Proof. (i) A skew map of R2 annihilating a nonzero vector is 0. (ii) An element of so(3)
killing v is a multiple of Jv, so A(v) = −t(v)Jv for a continuous t; since J−v = −Jv,
oddness of A is evenness of t, that is, t descends to RP2. For a = λ+Pv + λ−P−v invertible,
ait = (λ+λ−)

it/2 exp( i
2
tℓ v · σ) with ℓ = log(λ+/λ−), and d

dℓ
Adait(w · σ)

∣∣
ℓ=0

= it
2
[v · σ,w · σ] =

−t (v×w) · σ. So Adait fixes I and v · σ and acts on v⊥ as exp(−tℓJv), and a1/2+it b a1/2−it =
Q√

a Adait b is LA
a b with A(v) = −tJv. At singular and scalar a both sides are the Lüders

value.

The constructive half of (ii) specializes Shen and Wu’s frame-dependent construction [17,
Thm. 3.1, Ex. 3.2], whose frame parameter is arbitrary and need not satisfy (S2); the neces-
sity half is new.

Example 5.4 (Frame dependence). Fix a unit vector ρ ∈ R3 and let t(v) = (v · ρ)2. The
product of Corollary 5.3(ii) is not of the form Φ−1(Φ(a)◦t0Φ(b)) for any Jordan automorphism
Φ and constant t0. Indeed the Jordan automorphisms act on V3 as 1⊕O(3), and transport
a constant twist t0 to the constant ±t0, while t takes both values 0 and 1.
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Remark 5.5 (Higher spin factors). For every d ≥ 3 there are nonzero fields: for a nonzero
alternating 3-form ω on Rd, 〈x,A(v)y〉 = ω(v, x, y) defines A ∈ Ad. So Theorem 5.2 is not
a rigidity statement for any d ≥ 3, including V5 ∼= M2(H)sa and V9 ∼= H2(O), in contrast
with the rank-at-least-three quaternionic and exceptional algebras. A Jordan automorphism
1 ⊕ O transports ⋆A to ⋆A′ with A′(v) = OA(O−1v)O−1. If a product is covariant under
SO(d), then A(v) is invariant under the stabilizer SO(v⊥) ∼= SO(d−1) acting on so(v⊥). For
d ≥ 4, so(d− 1) has trivial centre, so A = 0 and the product is Lüders. For d = 3, so(2) is
abelian, and covariance leaves exactly the constant functions t, the Liu–Wu line.

5.4 Proof of the classification
Proof of Theorem 1. Proposition 3.6 decomposes the product over the simple summands,
and its converse assembles independent summand products. On the rank-one summand R,
La is positive linear with La(1) = a, so a · b = ab. The summands of rank at least three are
Theorem 2, and the rank-two summands are the spin factors, classified by Theorem 5.2. For
the converse, each listed value is attained: the Lüders product is a sequential product on
every EJA (van de Wetering [18, Thm. A.6] for (S1) and (S3)–(S7), with (S2) from continuity
of the functional calculus); every t ∈ R is attained by Lemma 4.11; and every A ∈ Ad by
Theorem 5.2. Uniqueness of the parameters is Remark 4.12 and Theorem 5.2.

6 The Physical Content of the Freedom
6.1 Dynamical correspondences
Alfsen and Shultz [2, 1, 3] define a dynamical correspondence on a unital JB-algebra A as a
linear map a 7→ ψa into the skew order derivations (the Jordan derivations) of A satisfying
[ψa, ψb] = −[Ta, Tb] and ψa(a) = 0. The first condition is a quantization rule relating the
commutator of generators to the commutator of Jordan multipliers; the second says that
the motion generated by an observable fixes that observable. Their Theorem 1 [2], proved
in [1], states that a unital JB-algebra is the self-adjoint part of a C*-algebra if and only if it
admits a dynamical correspondence, and that dynamical correspondences correspond to the
Jordan-compatible C*-products through ψab =

i
2
(ab− ba).

Proof of Theorem 3. (ii) OnMn(C)sa put ψh(x) =
i
2
(hx−xh). It is a derivation of the Jordan

product, ψh(h) = 0, and the Jacobi identity gives [ψa, ψb]x = −1
4
[[a, b], x] = −[Ta, Tb]x; so ψ is

a dynamical correspondence, the one of the matrix product. For invertible a, exp(2tψlog a)x =
eit log a x e−it log a = Adait x, so Q√

a exp(2tψlog a)b = a1/2ait b a−ita1/2 = a ◦t b. Theorem 4.10
and Lemma 4.11 complete (ii).

(i) If J =Mn(C)sa, it is the self-adjoint part of Mn(C) and carries ◦t with t 6= 0, which is
not Lüders (Remark 6.3). Otherwise J is of real, quaternionic or exceptional type, and every
product is Lüders by Theorem 4.5. Such a J is not the self-adjoint part of a C*-algebra:
a finite-dimensional C*-algebra is a direct sum of full matrix algebras Mk(C), so a simple
self-adjoint part is some Mk(C)sa, whose Peirce multiplicity is 2, whereas J has multiplicity
1, 4 or 8. By Alfsen and Shultz’s theorem, J admits no dynamical correspondence.
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Remark 6.1 (Rank two). On V3 ∼= M2(C)sa, ψv·σ acts on the traceless part as w · σ 7→
i
2
[v ·σ,w ·σ] = −(v×w) ·σ, that is, as −Jv. So the field of Corollary 5.3 is A(v) = t([v])ψv·σ,

and the qubit’s products are frame-dependent multiples of the dynamical correspondence.
For d 6= 3 the spin factor Vd (d ≥ 2) is not the self-adjoint part of a C*-algebra: a simple
self-adjoint part of a finite-dimensional C*-algebra is some Mk(C)sa, of rank k, and rank
two forces k = 2, that is V3. So Vd admits no dynamical correspondence. Nonetheless
Vd carries non-Lüders products for every d ≥ 4 (Remark 5.5). On Mn(C)sa with n ≥ 3,
overlapping frames force the per-frame generators to agree (Lemma 4.7), and the resulting
global generator is a multiple of the dynamical correspondence (Theorem 3(ii)); in rank two
distinct frames share no atom.

6.2 Sharp measurements and detection
Corollary 6.2 (Sharp first effects). For every sequential product on a finite-dimensional
EJA, every idempotent p and every effect b, p · b = Qp b.

Proof. By Proposition 3.6 it suffices to treat simple J . On the Lüders types there is nothing
to prove. On Mn(C)sa, n ≥ 3, the support-logarithm convention gives p1/2±it = p, so
p ◦t b = pbp = Qpb. On a spin factor the idempotents are 0, e and the pv, for which
Definition 5.1(i) and (iii) give Qp. On R it is immediate.

On Hilbert-space effects this is Shen and Wu’s Theorem 2.1 [17], proved there for ev-
ery sequential-effect-algebra product, without (S2); Corollary 6.2 extends it to every finite-
dimensional Euclidean Jordan algebra. So every departure from the Lüders rule occurs in
unsharp measurements.
Remark 6.3 (Operational detectability of the twist). The parameter t in a◦tb = a1/2+it b a1/2−it

has an interferometric signature on a single qubit, and embeds in any coherence corner of
Mn(C)sa. Take the unsharp first effect ar = diag(e−r, 1), the sharp second effect b = |+〉〈+|,
and the state ρϕ = 1

2

(
1 e−iϕ

eiϕ 1

)
. The probability that ar and then b both return “yes” is

pt(r, ϕ) = tr
(
ρϕ (ar ◦t b)

)
=

1 + e−r

4
+
e−r/2

2
cos(ϕ− tr).

Operationally: prepare |ψϕ〉 = (|0〉 + eiϕ|1〉)/
√
2, so that ρϕ = |ψϕ〉〈ψϕ|, with a phase gate

setting ϕ; perform the unsharp two-outcome measurement of ar, whose strength sets r; then
measure in the basis |±〉. Reading a · b as “a, then b,” pt(r, ϕ) is the relative frequency of
the outcome pair (yes, +). Scanning the state phase isolates two quadratures, pt(r, 0) ∝
cos(tr) and pt(r, π2 ) ∝ sin(tr) above the t-independent pedestal 1

4
(1+ e−r). A single unsharp

r > 0 fixes t modulo 2π/r, and two values with irrational ratio fix t in the noiseless model.
Unsharpness is essential, by Corollary 6.2. Liu and Wu already compute the qubit form
of their product and read t as a physical “time parameter” [14, Cor. 4.4, Rem. 1]; the
state-dependent detection formula is ours.
Remark 6.4 (Composite systems). Let A = Mn(C)sa, B = Mm(C)sa with n,m ≥ 2, and
AB = Mnm(C)sa, so that AB has rank at least four. Say that the product of AB restricts
to that of A if (a⊗ 1) · (b⊗ 1) = (a · b)⊗ 1 for all effects a, b of A, and similarly for B. By
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Theorem 4.10, AB carries ◦t for one t, and (a ⊗ 1)1/2+it(b ⊗ 1)(a ⊗ 1)1/2−it = (a ◦t b) ⊗ 1.
So if the product of AB restricts to that of A, the product of A is ◦t with the composite’s
t; if it also restricts to that of B, the same holds for B, and A, B and AB share one twist.
In particular a qubit A = M2(C)sa that is a restricting factor of one such composite has a
constant frame function (Corollary 5.3). For a family of complex systems in which every
pair has a composite restricting to both factors, all members share one twist. Fiorentino
and Weigert [6] single out the analogous compatibility of local and global updates as the
condition that extends the single-system Lüders rule to composites.

6.3 Selectors
Several classical side conditions select t = 0 on the complex type. The last two are due, in
greater generality, to van de Wetering and to Gudder and Latrémolière (Section 7). Write
E(x, y) for the action of a · (·) on a coherence block Vij when a has eigenvalues x, y on the
atoms pi, pj; by Theorem 4.10 it is E(x, y) =

√
xy exp(t log(x/y)J ) with J the block’s

complex structure. Peirce exchange covariance means E(x, y) = E(y, x) with J held fixed.

Corollary 6.5 (Selectors that fix t = 0). On Mn(C)sa, n ≥ 3, a sequential product is
the Lüders product if any of the following holds: (i) Peirce exchange covariance on every
coherence block; (ii) trace-form symmetry, 〈a · b, c〉 = 〈b, a · c〉; (iii) covariance under every
unital order automorphism (the transpose suffices).

Proof. (i) E(x, y) = E(y, x) for all x, y iff t = 0. (ii) Peirce spaces are trace-orthogonal, so
symmetry is self-adjointness of each block rotation exp(t log(x/y)J ); a real plane rotation
is self-adjoint only at angles in πZ, but t log(x/y) ranges over an interval, so t = 0. (iii) The
transpose acts on each block by J 7→ −J , forcing t = −t.

The twisted family shows that three weaker conditions do not select t = 0. The twisted
products have symmetric atomic transition probabilities tr(pq), so transition-probability
symmetry does not select. Unitary rotations commute with tJ , so covariance under the
identity component does not select; only the orientation-reversing transpose kills t. The
twisted product of invertibles is invertible, so closure of the invertibles does not select, while
van de Wetering’s strictly stronger invertibility preservation [18, Def. 5.16], which adds an
inverse law relating the product of two invertible effects to the product of their inverses (the
latter taken on the positive cone, as in his definition), does select given norm-continuity [18,
Thm. 5.19].

7 Relation to Prior Work
Uniqueness with an added condition. Gudder and Latrémolière [9] characterize the
Lüders product on Hilbert-space effects by five conditions, one a trace duality, the Hilbert-
space form of selector (ii) of Corollary 6.5. The twisted products satisfy their other four
conditions, including the weak associativity A · (A · B) = A2 · B. Van de Wetering [18]
proves three uniqueness theorems on Euclidean Jordan algebras, each adding one condition
to the axioms: invariance of the product under order automorphisms with norm-continuity
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(his Theorems 5.9 and 5.11), inner-product symmetry (Theorem 5.14), and invertibility
preservation (Theorem 5.19). His Section 5 introduces the comparison map used here and,
on the complex Hilbert-space type and for simple invertible a, reduces it to conjugation by a
unitary ua in the bicommutant of a (his Lemma 5.8). Theorem 2 determines the dependence
a 7→ ua from the axioms alone: in finite dimension and rank at least three, ua = ait up
to a phase, for one global t. His thesis records that the fully general instrument form of
an update is not compatible with the sequential axioms, the reason being “still not entirely
clear” [20, Rem. 2.2.7].

The twisted family. The family (1) is Liu and Wu’s [14, Thm. 4.3, Cor. 4.4, Rem. 1], an
existence result that answers Gudder’s uniqueness question negatively. Shen and Wu [17,
Thm. 3.1] characterize which functional-calculus families a 7→ fa(a) b fa(a)

∗ are products
under their axioms, which do not include (S2); their Example 3.2 allows an arbitrary param-
eter per qubit frame. Liu, Wu and Wu [15, Thm. 2] observe that each such product value
is U(a • b)U∗ for a unitary U commuting with a and depending on a, and call the products
unitarily equivalent to Lüders’. That is the pointwise shape (2), not an isomorphism of
products: for t 6= 0, ◦t is not carried to the Lüders product by any Jordan automorphism
(Remark 4.12), and the two are operationally distinguishable (Remark 6.3). None of these
works shows that every product satisfying the axioms has the functional-calculus form; that
is the necessity half of Theorem 1.

Structure and neighbouring problems. Theorem 2.2 is van de Wetering’s structure
theorem. Westerbaan, Westerbaan and van de Wetering classify the normal sequential effect
algebras into three structural types [22]; the present problem fixes the effect algebra and
classifies the products it carries. Jenčová and Pulmannová study spectrality in convex se-
quential effect algebras [12]; in finite dimension the spectral theorem supplies what is needed
here. Gudder studies the operation-relative sequential product a[I]b, whose value depends
on the operation I chosen to measure a [10]; the products classified here are effect-level, and
on the complex type each is realized by the single-Kraus operation ρ 7→ (U t

a)
∗√a ρ

√
aU t

a.
Niestegge’s rank-two generalized spin factors over ℓp with asymmetric transition probabili-
ties [16, Thm. 7.1, §10] lie outside the Euclidean Jordan setting and outside this classification.

Alternatives to the projection postulate. Fiorentino and Weigert [6] study state-
update rules that Nature could have chosen instead of Lüders’ for projective measurements,
build consistent foil theories from them, and identify operational properties that single out
the projection postulate, with particular attention to composite systems. Their rules act on
states and need not come from an effect-level product. Within the effect-level axioms and in
finite dimension, no alternative survives on sharp measurements (Corollary 6.2; on Hilbert
space, Shen and Wu [17, Thm. 2.1]), and on unsharp ones the alternatives are the products
classified here.

Dynamical correspondences. Alfsen and Shultz [2, 1, 3] introduced dynamical corre-
spondences to characterize the self-adjoint parts of C*-algebras among JB-algebras, and
connected them to Connes’ notion of orientation. We are not aware of a previous connection
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between dynamical correspondences and sequential products. Theorem 3 shows that in rank
at least three the freedom left by the sequential axioms is exactly the real line spanned by
a dynamical correspondence.

8 Closing Remarks
In finite dimension the classification is complete. Two questions remain. First, infinite di-
mensions: the argument uses finite spectral resolutions and Lie theory on a finite-dimensional
stabilizer, and extending it to type I factors or JBW-algebras would require new continuity
arguments. Second, the physical value of t: the axioms leave it free, the natural symmetry
and duality conditions of Corollary 6.5 set it to 0, and Remark 6.3 gives an experiment that
could bound it for any concrete measurement scheme built to realize a sequential product.
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